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Abstract: The purpose of this article is a set-indexed extension of the wcll-l<nown 
Ornstein-Uhlenbeck process. The first part is devoted to a stationary definition of 
the random field and ends up with the proof of a complete characterization by its 
L^-continuity, stationarity and set-indexed Markov properties. This specific Markov 
transition system allows to define a general set-indexed Ornstein-Uhlenbeck (SIOU) 
process with any initial probability measure. Finally, in the multiparameter case, the 
^^y , SIOU process is proved to admit a natural integral representation. 
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1. Introduction 



►^ ' The study of multiparameter processes goes back to the 70' and the theory developed for 

tH- . years covers multiple properties of random fields (we refer to the recent books [22] and [2] for 

^SJ ' a modern review). For instance, Cairoli and Walsh [10, 34, 35] have deeply investigated the 

'/^ , extension of the martingale and stochastic integral theories to the two-parameter framework. 

A vast literature also concerns the Markovian aspects of random fields. Similarly to the case 
CO , of martingales, different interesting Markov properties can be formalized for multiparameter 

^^ ' processes. Among these, the most commonly studied ones are sharp-Markov [27, 13], germ- 

Markov [29, 30, 25] and ^-Markov [9, 24] properties. We refer to [6] for a more complete 
description of these concepts. The study multiparameter processes is still a very active area 
of research, particularly the analysis of sample paths and geometric properties (see e.g. 
[4, 11, 23, 32, 38]). 
}J] , Set-indexed processes constitute a natural generalization of multiparameter stochastic 

^.' processes and their local regularity have been considered in the Gaussian case since the early 

work of Dudley [14] (see also [1, 3, 8]). Extending the literature on random fields, several 
different subjects have been recently investigated, including set-indexed martingales [21], set- 
indexed Markov [20, 5, 6] and Levy processes [1, 7, 19], and set-indexed fractional Brownian 
motion [17, 18]. Although the set-indexed formalism appears to be more abstract, it usually 
offers a simpler and more condensed way to express technical concepts of multiparameter 
processes. For instance, the present work intensively uses the C-Markov property introduced 
and developed in [6]. In the latter, the Chapman-Kolmogorov equation related to transition 
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probabilities turns out to be more easily expressed using the set-indexed formalism than the 
two-parameter framework. 

In this paper, we follow the framework established by IvanofF and Merzbach in the context 
of set-indexed martingales [21]. An indexing collection A is constituted of compact subsets of 
a locally compact metric space T equipped with a Radon measure on the cr-field generated 
by A. A{u) and C respectively denote the class of finite unions of sets belonging to A and 
the collection of increments C = A\ B, where A G A and B € A{u). Finally, 0' denotes 
the set CiAeA^: which usually plays a role equivalent to in R^. In the present article, we 
suppose that the collection A and the measure m satisfy the following assumptions: 

(i) 0' is a nonempty set and A is closed under arbitrary intersections; 
(ii) Shape hypothesis: for any A,Ai,...,Ak e A with A C U^Lj^A^, there exists i £ 

{1, . . . , fc} such that A C Ai] 
(Hi) m{^') = and m is monotonically continuous on A^ i.e. for any increasing sequence 

(A„)neN in A, 

lim m{An) = m(UfceN^fc)- 

For sake of readability, we restrict properties of A to the strictly required ones in the sequel. 
The particular case of „4 = {[0,i]; t € R+} shows that the set-indexed formalism extends 
the multiparameter setting. Another simple example satisfying Shape can be constructed 
on the R'^-unit sphere: A = {Ag,ip;d E [0, tt) and ip G [0,27r)} where Ag^ip = {{l,9,ip) : 
£ [0,6] and ip £ [0,1^9]}. We refer to [21] for a more complete definition of an indexing 
collection used in the general theory of set-indexed martingales. 

We investigate the existence and properties of a set-indexed extension of the Ornstein- 
Uhlenbeck (OU) process, originaly introduced in [33] and then widely used in the literature 
to represent phenomena in physics, biology and finance (e.g. see [15, 26, 28]). A well-known 
integral representation of the real-parameter OU process X = {Xt; t G R+} is given by 



Vt e R+; Xt = Xo e-^' + / a e^'^"*) dWs, (1.1) 



where A and a are positive parameters and the initial distribution ly = C{Xq) is indepen- 
dent of the Brownian motion W. Furthermore, X is a Markov process characterized by the 
following transition densities, for all t £ R+ and x,y £ R; 



Pt{x;y) = T^^^P 



^(.-•e--) 



where a,^ = -(l-e-^^'). (1.2) 



Two particular cases of initial distribution will be of specific interest in the sequel: 

1. Ii V ~ dx, 2; G R, X is a Gaussian process with the following mean and covariance, for 
all s,t £ R+, 

Ex[Xt]=xe-^* and Cov,(X„X,) = ^(e"^!*"^! - e-^(*+^'). (1.3) 

2. If i^ ~ A/'(0, |j), X is a stationary Ornstein- Uhlenbeck process, i.e. a zero-mean Gaussian 

process such that 

2 

V.s,i G R+; E,[X,Xt] = f^e-^l*-«l. (1.4) 
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Since a set-indexed extension of the OU process cannot be directly derived from the 
integral representation (1.1), we first focus on the stationary process described in (1.4). A 
natural way to extend this covariance to the set-indexed framework is to substitute the 
absolute value \t — s\ with d{U,V) where d is a distance defined on the elements of A. 
Similarly to the case of the set-indexed fractional Brownian motion described in [17], we 
consider the choice d{U, V) = m{UAV), where A denotes the symmetric difference. 

In Section 2, we first define a stationary set-indexed Ornstein- Uhlenbeck process (ssiOU) 
as a zero- mean Gaussian process X = {Xjj: U £ A} such that 

2 

VC/, VeA; E[XuXv] = ^g-^™!^^^), (1.5) 

where A and a are positive parameters. Stationarity and Markov properties of this set- 
indexed process are studied, and lead to the complete characterization proved in Theo- 
rem 2.7. Then, using the Markov kernel obtained, we are able to introduce in Definition 3.1 
a general set-indexed Ornstein- Uhlenbeck process, whose law is consistent with the covariance 
structure (1.3) in particular case of initial Dirac distributions. 

Finally, in Section 4, we prove that in the multiparameter case, the set-indexed Ornstein- 
Uhlenbeck has a natural integral representation which generalizes expression (1.1). 

2. A stationary set-indexed Ornstein-Uhlenbeck process 

In this section, wc define a set-indexed extension of the stationary Ornstein-Uhlenbeck pro- 
cess, defined by the Gaussian covariance structure (1.4). 

2.1. Definition and first properties 

As a preliminary to the definition, we need to prove that the expected covariance function 
of the process is positive definite in the same way as Lemma 2.9 of [17]. 

Lemma 2.1. If A is an indexing collection, m a Radon measure on the a-field generated 
by A and A, a positive constants, the function F : ^ x ^ ^ R defined by 

VC/, VeA; T{U, V) = ^e-^"^(^^^\ 
2A 

is positive definite. 

Proof. Let /i, /2, . • . , A- be in L'^{m,) and ui,U2, . . . ,Uk be in R. Let V be the vector space 

--II f IP 
V = span(/i, . . . , /fe). Since / 1— >■ e '^"■'"i.^(^) is positive definite, there exists a Gaussian 

vector X on the finite-dimensional space V such that 

VA > 0, V/ e V; E[e'^2A(x,/)] ^ ^-m\\h,^,_ 

-All flP 

The non- negative definition of / i-> e "i-^cm) c^n be written 



^^u,«,e-^"/'-/^"^^ =^^u,^i,E[e'^<^'/'-/^)] = ^u,e 



'=1 i=i j=i i=i 



2 



>0. 

L2(0) 
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For any Ui, . . . ,Uk G A, the previous result is applied to fi — Ijji, ■■■, fk = ^Uk ^ L^{m). 
As in the proof of Lemma 2.9 in [17], we remark that 

\/i,j e {!,..., fc}; m{U,AUj) = m(|l£/, - 1[/J) == ||/, -/j||i2(„), 

and we deduce 

i=i i=i 

which proves the result. D 

According to Lemma 2.1, we can define 

Definition 2.2. Given the indexing collection A and positive real numbers A and a, any 
Gaussian process {Xu; U G A} such that for all U,V ^ A, 

2 

¥.[Xu] = and ¥.[XuXv] = ^e^^^C^^^), 

is called a stationary set-indexed Ornstein-Uhlenbeck (ssiOU) process. 

The covariance structure of the Gaussian process coming from Definition 2.2 directly 
implies the L^-continuity and stationarity properties. 

Proposition 2.3. The stationary set-indexed Ornstein-Uhlenbeck process X of Definition 2.2 
is L^-monotone inner- and outer- continuous, i.e. for any increasing sequence {Un)ne'N in 
A, such that UkeNUk G A and for any decreasing sequence (Vn)nGN in A, 

limE[|X^„-Xo;^^n=0 and \miE[\Xy^ - Xn^^^v,]'] = 0. 



Proof. Let (C/n)rieN be an increasing sequence in A such that UkeT<!Uk G A. Then using 
equation (1.5), we have 

2 

Vn G N; EllXu - X-, ^Pl = — (2 - 2e-^™(^^^^^^^^\'^"'). 



According to Assumption (Hi) on A and in, lim„_5.oo rn(Uke'NUk \ Un) = 0. Therefore, the 
L^-monotone inner-continuity follows, and similarly, the outer-continuity of X . D 

The stationarity increments property for set-indexed processes has been introduced in 
[18] in the context of fractional Brownian motion, and it has constitued the key property 
to derive deep understanding of the set-indexed Levy processes in [19]. The stationarity 
property defined below is closely related to these two previous works. 

Proposition 2.4. The stationary set-indexed Ornstein-Uhlenbeck process X of Definition 2.2 
is m-stationary, i.e. for any k £ "N , V & A and increasing sequences (Ui)i<i<k and 
{Ai)i<i<k in A such that m(Ui \ V^) = rn{Ai) for all i G {1, . . . , A;}, X satisfies 

{Xui,...,XuJ = {Xai,...,XaJ. 
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Proof. Let V, {Ui)i<i<k and (v4i)i<i<fe be as in the statement. Without any loss of generahty, 
we suppose that V C Ui. Then, for all j > i, a.s Ui C Uj and Ai C Aj, 

m{U^AUj) = m{Uj) - m{U^) = m{Uj \V) - m{Ui \V) = rn{Aj) ~ M^t) = m{AjAA,). 

Therefore, we deduce the expected equality, since X is a centered Gaussian process and for 
all i,j €{!,..., k}, E[Xu,Xu,] = ge->™(c^.Ac/,) ^ ^g-A™(A,AA.) ^ e[Xa,Xa,]. D 

We observe that the definition of stationarity is given in a strict sense, since it concerns the 
invariance of finite-dimensional distributions under a form of measure- invariant translation. 
In the classic theory of stationary random fields, a weaker property relying on the correlation 
function is usually defined (see [39]): C{s, t) = E,[XsXt] only depends on the difference t — s. 
The weak definition of stationarity for one-parameter processes can be naturally extended 
to the multiparameter case, but it appears that this straightforward extension is not the 
most relevant. Indeed, the stationarity of increments defined using Lebesgue measure or 
their invariance under translation appeared to be more interesting to study multiparameter 
processes (see e.g. Levy and fractional Brownian sheets), and this fact explains the form of 
the set-indexed extension for the stationarity property. 

2.2. Markov property and characterisation of the stationary set-indexed 
Ornstein- Uhlenbeck process 

To investigate the Markov property, we first need to recall a few notations used in [6]. Let 
C G C such that C ^ A\ B, with B G A{u) and B C A G A. Since the assumption Shape 
holds on A, Definition 1.4.5 in [21] states that there exists a unique extremal representation 
{Ai}i<k of B, i.e. such that B = U^Lj^A^ and for all i ^ j, Ai ^ Aj. 

Then, let Ae be the semilattice {Ai n ■ ■ ■ n Ak, . . . , AiH A2, Ai . . . , Ak} C A and Ac be 
defined as the following subset of Ai, 

Ac = {UGAi;U<^B°}''^'{U^,--- ,US}, where n = #{ Ac)- (2.1) 

The notation Xc refers to the random vector Xc = {Xjji, . . . ,Xuj}), and similarly xc is 
used for a vector of variables. Thereby, according to [6], the extension AX of X on the class 
C satisfies 



AXc'^'Xa 



Xa 



r '^ 

y , Xa, - 2^ Xa^hAj H + (-1) '^^XAin---nAk 

'-2— 1 i<j 



E(-i)''^' 



UA 



(2.2) 



where (— 1)"^' represents the sign of the term Xfji in the inclusion-exclusion formula. In other 
words, (2.2) says that every term Xu in the previous inclusion-exclusion formula such that 
U ^ Ac is cancelled by another term in the sum. 
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Finally {J- a', A E A} denotes the natural filtration generated by X, and for all B E A{u) 
and C E C, Tb and Q^ respectively correspond to 

:fb^ V ^A *^^^ ^c- V ^B- (2.3) 

AeA,A(ZB BeA(u),BnC=(tl 

We note that these filtrations are not necessarily outer-continuous. 

In the following result, we prove that the ssiOU process satisfies the C-Markov property 
introduced in [6]. 

Proposition 2.5. The stationary set-indexed Ornstein- Uhlenbeck process X of Definition 2.2 
is a C-Markov process with respect to its natural filtration (J^a)ai£A; *.e. for all C = A\B 
with A E A, B E A{u) and all Borel function / : R — > R+, X satisfies 

E[f{XA)\g^<]=E[f{XA)\Xc]=Pcf{Xc) F-a.s. (2.4) 

Proof. Let C = A \ _B be in C, {Ai}i<:k be the extremal representation of B and U he in A 
such that [/ n C = 0. We first note tliat U Ci A ^ {U Ci C) U {U Ci B) = U Ci B e A. Thus, 
since A satisfies the Shape hypothesis, there exists I G {1, . . . , fc} such that U O B ~ U O Ai. 
Consider the following quantity /[/, 



1=1 l<i<j<fe 

• • • + (-l)'^-X^,n...nA.e-^"'^\^^^-^^^')" 



^2 



_(g->^rn{AAU) _ V^ g-A(m(A, AC/)+m(A\AO) i V^ ^-X{m{A,nAj AU]+m{A\AinAj]) _ 
i=l l<i<j<k 

■ ■ ■ + (_i)'''e-^(™(^iri---nAfcAC/)+m(A\Ain---nAfc))\ 



2 



-e 



fe 

f^-2\m{AnU} _y^ ^~2Xni{A,nU) _^_ V^ ^- 



^ -\(m{A)-hm{U))( -2Xm{AnU) _\^ ~2\m{AinU) , \^ -2\m{AinAjnU) 



2A 

1=1 l<i<j<k 



+ (—i)'^e'~'^'^™^^^^"'^^''^'-^^\ 



Let us introduce the set-indexed function h : Ai-^ e 2Am(An£/)^ Since the assumption Shape 
holds, h admits an extension Ah on A{u) based on an inclusion-exclusion formula. Thus, we 
havelu = f^e-^("(^)+™(^»(/i(^nt/)-A/i(SnC/)). But since ^nC/ = Snt/ = A/nC/ eA 
and h coincides with Ah on A, we obtain lu = 0. 

Therefore, Ijj = for all U £ A such that C/ n C = and as X is a Gaussian process, we 
can claim that the random variable 

fe 
Xa - ^X^,e-^'"(^\^') + • • • + (-l)'=X^,n...nA.e-^™(^\^in-n^'=) 
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and Q^ arc independent. Since the previous random variable is expressed as an inclusion- 
exclusion formula, equation (2.2) shows that it can also be expressed as 



Xa 



with Z, 



c 



,-Am(A) 



E(-l)"^t.ae 



Am(^i) 



i=l 



Notice that Zc is Xc-measurable (and then tJjX-measurable) and Xa ~ Zc is independent 
of Q^ (and then independent of Xc). Hence, using a classic property of the conditional 
expectation, we have 

nfiXA) \gc] = n.f{XA -zc + zc) \ g^] = e[/(x^) i zc]. 

We similarly obtain the equality E[f{XA) \ Xc] = ^[/{Xa) \ Zc] which ends the proof. D 

Intuitively, the C-Markov property can be understood as following: For any increment 
C = A\ B, the tr-field g^ represents the past, described as strong as it contains all the 
information inside the regions B satisfying C = A\ B. The vector Xc itself gathers the 
minimum information related to the "border" points of C, and finally, Xa represents the 
future value of the process. Then, Equation (2.4) simply states that conditioning the future 
with respect the full history Q^ or the vector Xp are equivalent. 

According to Proposition 2.9 in [6], we can deduce that the set-indexed Ornstein- Uhlenbeck 
process also satisfies set-indexed sharp-Markov and Markov properties whose definitions can 
be found in [20]. In the multiparameter case, it implies that this process is sharp-Markov 
and germ-Markov with respect to finite unions of rectangles (see [20, 6]). The question 
whether this implication remains true for more complex sets has not been investigated yet 
(see [13, 12] for answers in the particular case of Brownian and Levy sheets). 

As a consequence of the previous proposition, we can derive the C-transition system V 
and the initial law that characterize entirely a ssiOU process. 

Corollary 2.6. The C-transition system V = {Pc{:x.c;^); C €C,r € 8(11)} of the station- 
ary set-indexed Ornstein Uhlenbeck process of Definition 2.2 is characterized by the following 
transition densities, for all C = A\ B Cz C: 



pc{^c;y) 



1 



acv'^TT 



exp 



1 
2^ 



c 



^-Xm{A) 



E(-ir 



Xin e 



Aim((7<J) 



(2.5) 



wher 



^-=2X^'^' 



-2\m{A) 



E(-i) 



e. 2Am(t/<J) 



Furthermore, the initial law is given by Xijji ^ M{0, fr-). 

Proof. Let C = A \ i? be in C and let Zc and Yc be the following Gaussian variables 



Zc = e 



-\m{A) 



E(-i)"^t.^^ 



Xr,i{U^) 



and Yc = Xa- Zq 
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Since the process X is centered, E[Zc] — £[1^] ~ 0. We note a^ the variance of Yc- Using 
the independence of Yc and Gq: shown in the proof of Proposition 2.5, and the fact that 
Zc is tjp-measurable, we have for any measurable function / : R — > R^., 

E[f{XA)\gh] =nf{Zc + Yc)\g*c] 
1 



/n , /(■" + ^c)cxp -— ^ Idu 
acv2n J-R \ ^cTq, 



1 



(Tc v27r 



/(w)exp - 



R 



2al 



, dcf 

av — 



f{v)pc{Xc]v)dv. 



R 



Equation (2.5) follows from this last equality. It remains to prove the expression of the 
variance a^. We first note that, as Xjji is 5^-measurable and Yc is independent of G^, 
E[Xjji Yc] = for any i G {1, . . . , n}. Therefore, we have 



a'c = nXAYc] = nxX] - e 



2 1 _ -Xrn(A) 



j2i-ir^xAX^.] 



,\m{Ui) 



y^_^-xmiA) 



E(-ir 



-\m{AAUc) \m{Uc) 



2A 



-2\m(A) 



E(-i; 



i=l 



eig2Am((7^) 



D 



The following result shows that properties exhibited in Propositions 2.3, 2.4 and 2.5 lead 
to a complete characterization of the stationary set-indexed Ornstein-Uhlenbeck process. 

Theorem 2.7. A set-indexed mean-zero Gaussian process X = {Xjj] U G .4} is a stationary 
set-indexed Ornstein-Uhlenbeck process if and only if the three following properties hold: 

(i) L^ -monotone inner- and outer- continuity; 
(ii) m-stationarity; 
(Hi) C -Markov property. 

Proof. We already know that the stationary set-indexed Ornstein-Uhlenbeck process of Def- 
inition 2.2 satisfies these three properties. Conversely, let X be a zero-mean Gaussian set- 
indexed process which is L^-monotone inner- and outer-continuous, 77i-stationary and C- 
Markov. Without any loss of generality, we suppose 1E[^0,] — 1- 

We first consider an increasing and continuous function / : R_|_ — > A, i.e. an elementary 
flow in the terminology of [21, 18], such that /(O) = 0'. Since m is monotonically continuous 
on A (Condition (Hi) of the indexing collection), the function 9 : 1 1-^ m[f{t)] is continuous, 
9{0) = and the pseudo-inverse 0^^{t) = inf{u : d{u) > t} satisfies 9o 9^^{t) = t. Then, the 
projected one-parameter process X'^'f — {X^oe-i(t); t G R-i-} is a centered one-parameter 
Gaussian process which is i^-continuous, stationary (see [18]) and Markov (see [6], Proposi- 
tion 2.10). Therefore, X™''^ is a one-dimensional Ornstein-Uhlenbeck process (see e.g. [31]). 
Since E[(Xq)^] = 1, there exists A/ > such that for all s,i G R+, 



E[X! 



JX^J^ 



-\l\t-s\ 



-Xi\m[foe-\t)]^r,i[foe-\s)]\ 



-\fm[foe-\s)Afoe-\t)] 
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Let us prove the constant A/ docs not depend on the function /. Let /i and /2 be 
two different elementary flows which satisfy the previous conditions. Then, as m{%') = 0, 
for any i > 0, we know that m(/i o 9^'^{t) \ 0') = m(/2 o 92'^{t)) = f, and therefore, 

according to the m-stationarity of X, (X™'^\X™'^^) = (X™'-^^, X™'-^^), which imphes 

e-^/i* = E[xr'-^^Xo""^'] = nxT'^" X-^'^"] = e-^/2*, i.e. A/, = A/, =' A. 

For all U,V E A such that U CV, there exists / which goes through U and V. We obtain 

E[XuXv] = e-^l"(^)-"(^)l ^ e-^™(^^^). 

Finally let U,V E A. From the previous equation, we observe that 

mXv - e-^"(^\^)Xynv)^c/ny] = e-^™^^^^^^^)) - e-^™(^\^) = 0. 

Therefore, since X is a Gaussian process, E[Xy |X(7ny] = e~^^'^^^'^^^ Xu^v , and using the 
C-Markov property applied to C = U \V with the fact X;7\v = ^unv, we obtain the 
expected covariance, 

E[XuXv]=E[XunXv\gu\v]] ^E[XuE[Xv\Xunv]] 

D 

3. Definition of a general set-indexed Ornstein- Uhlenbeck process 

Using the C-Markov property obtained in Proposition 2.5 and the C-transition system V 
from Corollary 2.6, we can finally define a general set-indexed Ornstein- Uhlenbeck process. 

Definition 3.1. A process X is called a set-indexed Ornstcin-Uhlenbeck process if 

(i) Xijji ^ V, where v is a given initial probability distribution; 
(ii) X is C-Markov with a C-transition system given by (2.5). 

Theorem 2.2 in [6] proves the existence of such processes in the canonical probability space 
(R , P,y) for any initial probability distribution v. Then, Pj/ is the probability measure on 
R-^ under which the canonical process defined by X[j{uj) — uj{U) for all a; G R"^ is a set- 
indexed Ornstein-Uhlenbeck process. In the particular case of Dirac initial distribution, the 
complete determination of the laws of X is given by the following result. 

Proposition 3.2. For any a; G R, under the probability P^,, the canonical set-indexed 
Ornstein- Uhlenbeck process X is the Gaussian process defined by the covariance structure 

yUeA; E,[Xc/]=xe-^™(^), (3.1) 

VU,Ve A; Coy.,{Xu,Xv) = ^{e~^--iUAV) _ g-A(™(t/)+m(y))-)_ (32) 

2A 
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Proof. Wc first check that X is a Gaussian process under the probabihty P^;. 
Let Ai,. . . ,Ak £ A and Ai, . . . , A^ G R. Without any loss of generality, we can suppose 
that At = {Aq = W,Ai, . . . ,Ak} is a semilattice and we denote Ci = Ai \ (U'~qAj) for all 
i G {1, . . . , k}. Then, using notations from Corollary 2.6, we have 



E.. 



fe 
exp[ ly^XjXA, 



E, 



= E, 



fc-i 



fc-i 



cxpl i ^ XjXaj I E^ exp(iXkXA^) 



exp 






expii'^XjXAj ) exp(iAfcZcjE^, [exp(iAfeYc'J] 



E, 



fc-i 
exp(i^A;XA,. 



since Zc^. is weighted sum of Xy, V £ {Aq, . . . , Afe_i}. Therefore, by induction on k, we get 
the characteristic function of a Gaussian variable. 

In order to obtain the mean and the covariance functions, we consider the case fc = 3, 
with the semi-lattice {0', ^1=^2 A3, A2, A3}. We compute 

1 



E, 



exp 



{i{X2Xa,+X3Xa,) 



^3 ) Ex 



cxp[i{X2XA2 +X3ZC3) 



= CXp(^--A3Cri 

= exv(-\xlal^) E, [exp(i(A2X^, + Aae-^™^^^^^^)^^,)) 
Using the C-Markov property applied to C2 = A2 \ Ai, we get 



E, 



\2 2 

^C2 



exp(i(A2XA, + A3XA3)]] = exp(--A^a^3 - -A^aj 

(i(A2e-^™(^^\^i) + A3e-^'"(^^\^i))X^,) 



X E, 



exp 



Then, the C-Markov property applied to Ci = Ai \ 0' leads to 



E^ expi^i{X2XA2 +X3XA3) 

= exp(-iAl43 - iAl4. - i(A2e-^™(^AA.) + ^^^-a™(A3\A0)2,2^^) 

X E, [cxp(i(A2e-^™(^^\^i) + A3e-^"(^^\^i))e-^™(^i)X0,y 
= exp(-iAl< - Ixlal, - i(A2e-^"(^A^.) + A3e-^™(-^3\A0) V^^) 

X cxp(z(A2e-^'"('^^) + A3e-^'"(^-^))x) . 

The mean of X comes from the last line. The covariance is obtained from the cross term in 
front of A2 A3 : 

2 



2A' 
= 2a(^ 



\m{A2AA3) _ g-A(m(A2)+m(A3))-] 
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since Ai = ^2 n A3 and a^^ = fx (l - e-^^"^'^!)) . D 

4. Multiparameter Ornstein-Uhlenbeck process 

In the particular case of the indexing collection A — {[0,t];t e R+} endowed with the 
Lebesgue measure m, the set-indexed Ornstein-Uhlenbeck processes studied in Sections 2 
and 3 reduce to the classical one-dimensional Ornstein-Uhlenbeck process. 

In the multiparameter setting, a natural extension of the stationary Ornstein-Uhlenbeck 
process can be defined by 



VieR^; Yt= f cre<"^"-*>diy„. 



(4.1) 



where cr > 0, a = (ai,...,aAr) e R^ with a^ > and W is the Brownian sheet. The 
covariance of this process is given by 

N nSiAU 2 ( N s 

ny.Yt] - n / a^e"'^"--^'-*') du, = —j^ exp - ^a,(s, +U-s,AU)\. 

,= lJ-oo \A^=la^ I ^=l J 

Hence, y is a stationary set-indexed Ornstein-Uhlenbeck process on the space R;^ endowed 
with the indexing collection A~{[0,t];tG R+} and the measure nia defined on the Borel 
(T-field by 

N 

WAeB{R^); maiA)=^a,Xi{Ar\e,), (4.2) 

where Ai is the Lebesgue measure on R and ei, . . . , ew are the axes of R^: ei = Rx {0}^^^, 
62 = {0} X R X {0}^-2, ... 

The following proposition extends this result to the general set-indexed Ornstein-Uhlenbeck 
process defined in Section 3, proving that it also has a natural integral representation in the 
particular multiparameter case. 

Proposition 4.1. Let Y = {Yt; t E R:^} be the multiparameter process defined by 



Vt e Ri^; Yt = e-<"'*> 



+ ' 

'(-oo,t]\(-oo,0] 



Yo+a e^^^'^UWu 



(4.3) 



where a > 0, a = {ai, . . . ,a]y) G R"'^ with a^ > for each i E {1,...,A^}, W is the 
Brownian sheet and Yq is a random variable independent of W . 

Then, Y is a set-indexed Ornstein-Uhlenbeck process of Definition 3.1 on the space {T , A, ma), 
with A = {[0,i]; t G R+} and nia defined in (4.2). 

Proof. First we observe that the measure rua satisfies, for all s,t G R:'J', 

N 

ma{\Q,s] n [0,i]) = yjai(si /\ti) = {a,s Xt) where s Xt := (si f\ti, . . . ,sn f\tjM). 

i=l 
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Let ii , . . . , tfe be in R;^ and Ai , . . . , Afc in R. For any fixed xq & R, Y^° denotes the Gaussian 
process defined by 



Vt e R^; Y^''" = e-<"'*> 



xo + cT e<"'">dTy„ 



where At ~ (—00, t] \ (—00, 0]. 

Let Y be the R:'^-indexed process defined by (4.3) and denote by v the law of Yq. Since 
Yq and W are independent, we liave 



E 



'E-=iA,yt^. 



= / E 
'r 



'E5== 1^.-^7 



i^idxo) 



Let us determine the mean and covariancc of the process Y'^" , for any xq G R: 

xo e^^"'*' = Xq e~ 



yt e R^; E[Yf"] = ->- --<"'*> = ->•" p-™°([0'*l) 



and for all s,t £ R;^, 



Cov(y/«,yt^'') = tT2e-<"^''+*>E 






^2g-(«,.+t> 



e2<"'->du 



Aext 



^^ g-(a,s+t) |'g2(a,sAt> 



2"n;=i«. 



2"n;Li' 



1 



-m„([0,s])-m<:,([0,t])(' 2m<:,([0,s]n[0,t]) 



1) 



where X is the canonical set-indexed Ornstein-Uhlenbeck process with parameters (a, A = 1) 
with notations of Proposition 3.2. Therefore, the process Y^° has the same law as X[o,»] 
starting from xq and 



E 



ji:U^^K 



E. 



,»Ej=i^j-^[o,t^.] 



Consequently 



E 



>Ej=iA.l^^ 



= / E, 

R 



g*E3 = l->'j^[0,t^.] 



z^(da;o) = E^ 



g«Ej=i^i-^[o,tj.] 



which states that Y and X[o.»] have the same law and concludes the proof. D 

Remark 4.2. We have exhibited an unusual measure TOq on R^, which only charges the 
axes {ei)i<N ■ This measure is also interesting when the set-indexed Brownian motion (siBM) 
is considered on the space (T, -4, rric) with a ~ (!,...,!), as it corresponds to a classic 
multiparameter process called the additive Brownian motion (see e.g. [22]). Conversely, since 
we know that the Brownian sheet is a siBM on the space (T, A, A), where A is the Lcbesgue 
measure, we could also define a different multiparameter Ornstein-Uhlenbeck process using 
the Lebesgue measure instead of tti^. 
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Remark 4.3. A different multiparameter extension of the Ornstein-Uhlenbeck process has 
already been introduced in the literature (e.g. see [36, 37] and [16]). It admits an integral 
representation given by, 



Vi e R^; Yt = 



Yn + a e<"'">dW„ 



(4.4) 



If we consider a Markov point of view, the definition given in Proposition 4.1 seems more 
natural. Indeed, as described in [6], the transition probabilities of the process described in 
Equation (4.4) do not strictly correspond to those of the set-indexed Ornstein-Uhlenbeck, 
and can not be extended to the set-indexed formalism. Furthermore, we observe that the 
model (4.4) does not embrace the natural stationary case described in equation (4.1). 
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